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Abstract. In a dynamic parametric process every subprocess may spawn
arbitrarily many, identical child processes, that may communicate either
over global variables, or over local variables that are shared with their
parent. We show that reachability for dynamic parametric processes is
decidable under mild assumptions. These assumptions are e.g. met if
individual processes are realized by pushdown systems, or even higher-
order pushdown systems. We also provide algorithms for subclasses of
pushdown dynamic parametric processes, with complexity ranging be-
tween NP and DEXPTIME.
1 Introduction
Programming languages such as Java, Erlang, Scala offer the possibility to gen-
erate recursively new threads (or processes, actors,. . . ). Threads may exchange
data through globally accessible data structures, e.g. via static attributes of
classes like in Java, Scala. In addition, newly created threads may locally com-
municate with their parent threads, in Java, e.g., via the corresponding thread
objects, or via messages like in Erlang.
Various attempts have been made to analyze systems with recursion and dy-
namic creation of threads that may or may not exchange data. A single thread
executing a possibly recursive program operating on finitely many local data,
can conveniently be modeled by a pushdown system. Intuitively, the pushdown
formalizes the call stack of the program while the finite set of states allows to
formalize the current program state together with the current values of the local
variables. For such systems reachability of a bad state or a regular set of bad con-
figurations is decidable [17, 1]. The situation becomes more intricate if multiple
threads are allowed. Already for two pushdown threads reachability is undecid-
able if communication via a 2-bit global is allowed. In absence of global variables,
reachability becomes undecidable already for two pushdown threads if a rendez-
vous primitive is available [16]. A similar result holds if finitely many locks are
allowed [10]. Interestingly, decidability is retained if locking is performed in a
disciplined way. This is, e.g., the case for nested [10] and contextual locking [3].
These decidability results have been extended to dynamic pushdown networks
as introduced by Bouajjani et al. [2]. This model combines pushdown threads
with dynamic thread creation by means of a spawn operation, while it ignores
any exchange of data between threads. Indeed, reachability of dedicated states
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or even regular sets of configurations stays decidable in this model, if finitely
many global locks together with nested locking [12, 14] or contextual locking [13]
are allowed. Such regular sets allow, e.g., to describe undesirable situations such
as concurrent execution of conflicting operations.
Here, we follow another line of research where models of multi-threading are
sought which allow exchange of data via shared variables while still being decid-
able. The general idea goes back to Kahlon, who observed that various verifica-
tion problems become decidable for multi-pushdown systems that are parametric
[9], i.e., systems consisting of an arbitrary number of indistinguishable pushdown
threads. Later, Hague extended this result by showing that an extra designated
leader thread can be added without sacrificing decidability [7]. All threads com-
municate here over a shared, bounded register without locking. It is crucial for
decidability that only one thread has an identity, and that the operations on the
shared variable do not allow to elect a second leader. Later, Esparza et al. clar-
ified the complexity of deciding reachability in that model [5]. La Torre et al.
generalized these results to hierarchically nested models [11]. Still, the question
whether reachability is decidable for dynamically evolving parametric pushdown
processes, remained open.
We show that reachability is decidable for a very general class of dynamic
processes with parametric spawn. We require some very basic properties from
the class of transitions systems that underlies the model, like e.g. effective non-
emptiness check. In our model every sub-process can maintain e.g. a pushdown
store, or even a higher-order pushdown store, and can communicate over global
variables, as well as via local variables with its sub-processes and with its parent.
As in [7, 5, 11], all variables have bounded domains and no locks are allowed.
Since the algorithm is rather expensive, we also present meaningful instances
where reachability can be decided by simpler means. As one such instance we
consider the situation where communication between sub-processes is through
global variables only. We show that reachability for this model with pushdowns
can effectively be reduced to reachability in the parametric model of Hague [7, 5],
called (C,D)-systems — giving us a precise characterization of the complexity
as Pspace. As another instance, we consider a parametric variant of generalized
futures where spawned sub-processes may not only return a single result but
create a stream of answers. For that model, we obtain complexities between NP
and DExptime. This opens the venue to apply e.g. SAT-solving to check safety
properties of such programs.
Overview. Section 2 provides basic definitions, and the semantics of our model.
In Section 3 we show a simpler semantics, that is equivalent w.r.t. reachability.
Section 4 introduces some prerequisites for Section 5, which is the core of the
proof of our main result. Section 6 considers the complexity for some special
instances of dynamic parametric pushdown processes.
2 Basic definitions
In this section we introduce our model of dynamic parametric processes. We
refrain from using some particular program syntax; instead we use potentially
infinite state transition systems with actions on transitions. Actions may ma-
nipulate local or global variables, or spawn parametrically some sub-processes:
this means that an unspecified number of sub-processes is created — all with
the same designated initial state. Making the spawn operation parametric is the
main abstraction step that allows us to obtain decidability results.
Before giving formal definitions we present two examples in order to give an
intuitive understanding of the kind of processes we are interested in.
Example 1. A parametric system could, e.g., be defined by an explicitly given
finite transition system:
q q1 q2 q3 q4 q5
spawn(p) w(x, 1) r(x, 2) r(x, 3) w(g0,#)
p p1 p2
i(x, 1)
o(x, 2)
o(x, 3)τ
In this example, the root starts in state q by spawning a number of sub-
processes, each starting in state p. Then the root writes the value 1 into the
local variable x, and waits for some child to change the value of x first to 2, and
subsequently to 3. Only then, the root will write value # into the global variable
g0. Every child on the other hand, when starting execution at state p, waits for
value 1 in the variable x of the parent and then chooses either to write 2 or 3
into x, then returns to the initial state. The read/write operations of the children
are denoted as input/output operations i(x, v), o(x, v), because they act on the
parent’s local. Note that at least two children are required to write #.
More interesting examples require more program states. Here, it is convenient
to adopt a programming-like notation as in the next example.
Example 2. Consider the program from Figure 1. The states of the system cor-
respond to the lines in the listing, and if(∗) denotes non-deterministic choice.
There is a single global variable which is written to by the call write(#), and
a single local variable x per sub-process, with initial value 0. The corresponding
local of the parent is accessed via the keyword parent.
The question is whether the root can eventually write #? This would be the
case if the value of the root’s local variable becomes 2. This in turn may occur
once the variable x of some descendant is set to 1. In order to achieve this,
cooperation of several sub-processes is needed. Here is one possible execution.
1. The root spawns two sub-processes in state p, say T1 and T2.
1 root ( ) {
spawn (p ) ;
switch (x ) {
4 case 2 : write (#);
}
}
7
p ( ) {
switch ( parent . x ) {
10 case 0 : spawn (p ) ;
i f (∗ ) parent . x = 1
else switch (x ) {
13 case 1 : parent . x = 1 ; break ;
case 2 : break ;
} ; break ;
16 case 1 : spawn (p ) ;
i f (∗ ) parent . x = 0
else switch (x ) {
19 case 1 : parent . x = 2 ; break ;
case 2 : parent . x = 2 ; break ;
} ;
22 }
}
Fig. 1. A program defining a dynamic parametric process.
2. T1 changes the value of the local variable of the root to 1 (line 11).
3. T2 then can take the case 1 branch and first spawn T3.
4. T3 takes the case 0 branch, spawns a new process and changes the value of
parent.x to 1.
5. As the variable parent.x of T3 is the local variable of T2, the latter can now
take the second branch of the nondeterministic choice and change parent.x
to 2 (line 19) — which is the local variable of the root.
uunionsq
In the following sections we present a formal definition of our parametric
model, state the reachability problem, and the main results. This is done in
three steps. In the first subsection, we introduce the syntax that will be given
in a form of a transition system, as the one from the first example. Next, we
give the formal operational semantics that captures the behavior described in
the above examples. Finally, we formulate general requirements on a class of
systems and state the result saying that for every class satisfying these require-
ments, the reachability problem for the associated dynamic parametric processes
is decidable.
2.1 Transition systems
A dynamic parametric process S is a transition system over a dedicated set
of action names. One can think of it as a control flow graph of a program.
In this transition system the action names are uninterpreted. In Section 2.2
we will define their semantics. Such a transition system can be obtained by
symbolically executing a program, say, expanding while loops and procedure
calls. Another possibility is that the control flow of a program is given by a
pushdown automaton; in this case the transition system will have configurations
of the pushdown automaton as states.
The transition system is specified by a tuple S = 〈Q,G,X, V,∆, qinit, vinit〉
consisting of:
– a (possibly infinite) set Q of states,
– finite sets G and X of global and local variables, respectively, and a finite
set V of values for variables; these are used to define the set of labels,
– an initial state qinit ∈ Q, and an initial value vinit ∈ V for variables,
– a set of rules ∆ of the form q
a−→ q′, where the label a is one of the following:
• τ , that will be later interpreted as a silent action,
• r(x, v), w(x, v), will be interpreted as a read or a write of value v ∈ V
from or to a local or global variable x ∈ X ∪G of the process,
• i(x, v), o(x, v), will be interpreted as a read or a write of value v ∈ V to
or from a local variable x ∈ X of the parent process,
• spawn(q), will be interpreted as a spawn of an arbitrary number (possibly
zero) of new sub-processes, all starting in state q ∈ Q. We assume that
the number of different spawn(q) operations appearing in ∆ is finite.
Observe that the above definition ensures that the set of labels of transitions is
finite.
We are particularly interested in classes of systems when Q is not finite.
This is the case when, for example, individual sub-processes execute recursive
procedures. For that purpose, the transition system S may be chosen as a con-
figuration graph of a pushdown system. In this case the set Q of states is Ql ·Γ ∗
where Ql is a finite set of control states, and Γ is a finite set of pushdown sym-
bols. The (infinite) transition relation ∆ between states is specified by a finite set
of rewriting rules of the form qv
a−→ q′w for suitable q, q′ ∈ Ql, v ∈ Γ ∗, w ∈ Γ ∗.
Instead of plain recursive programs, we could also allow higher-order recur-
sive procedures, realized by higher-order pushdown systems or even collapsible
pushdown systems as considered, e.g., in [15, 8]. Here, procedures may take other
procedures as arguments.
2.2 Multiset semantics
A dynamic parametric process is a transition system with labels of a special
form. As we have seen from the examples, such a transition system can be
provided either directly, or as the configuration graph of a machine, or as the
flow-graph of a program with procedure calls. In this subsection we provide the
operational semantics of programs given by such transition systems, where we
interpret the operations on variables as expected, and the spawns as creation of
sub-processes. The latter operation will not create one sub-process, but rather
an arbitrary number of sub-processes. There will be also a set of global variables
to which every sub-process has access by means of reads and writes.
As a dynamic parametric process executes, sub-processes may change the
values of local and global variables and spawn new children. The global state
of the entire process can be thus represented as a tree of sub-processes with
the initial process at the root. Nodes at depth 1 are the sub-processes spawned
by the root; these children can also spawn sub-processes that become nodes at
depth 2, etc, see e.g., Figure 3(a). Every sub-process has a set of local variables,
that can be read and written by itself, as well as by its children.
A global state of a dynamic parametric process S has the form of a multiset
configuration tree, or m-tree for short. An m-tree is defined recursively by
t ::= (q, λ,M)
where q ∈ Q is a sub-process state, λ : X → V is a valuation of (local) variables,
and M is a finite multiset of m-trees. We consider only m-trees of finite depth.
Another way to say this is to define m-trees of depth at most k, for every k ∈ N
M-trees0 = Q× (X → V )× []
M-treesk = Q× (X → V )×M(M-treesk−1) for k > 0
where for any U , M(U) is the set of all finite multisubsets of U . Then the set
of all m-trees is given by
⋃
k∈N M-treesk.
We use standard notation for multisets. A multiset M over a universe U is a
mapping M : U → N0. It is finite if
∑
t∈U M(t) < ∞. A finite multiset M may
also be represented by M = [n1 · t1, . . . , nk · tk] if M(ti) = ni for i = 1, . . . , k
and M(t) = 0 otherwise. In particular, the empty multiset is denoted by []. For
convenience we may omit multiplicities ni = 1. We say that t ∈ M whenever
M(t) ≥ 1, and M ⊆ M ′ whenever M(t) ≤ M ′(t) for all t ∈ M ′. Finally,
M + M ′ is the mapping with (M + M ′)(t) = M(t) + M ′(t) for all t ∈ U . For
convenience, we also allow the short-cut [n1·t1, . . . , nk ·tk] for [n1·t1]+. . .+[nk ·tk],
i.e., we allow also multiple occurrences of the same tree in the list. Thus, e.g.,
[3 · t1, 5 · t2, 1 · t1] = [4 · t1, 5 · t2].
The semantics of a dynamic parametric process S is a transition system
denoted [[S]]. The states of [[S]] are m-trees, and the set of possible edge labels is:
Σ = {τ} ∪ {spawn} ×Q ∪
{i(x, v), o(x, v), r(y, v),w(y, v), r(y, v),w(y, v) :
x ∈ X, y ∈ X ∪G, v ∈ V } .
Notice that we have two new kinds of labels r(y, v) and w(y, v). These represent
the actions of child sub-processes on global variables y ∈ G, or on the local
variables x ∈ X shared with the parent.
External transitions:
(q1, λ,M)
a
=⇒ (q2, λ,M) if q1 a−→ q2 for a ∈ Σext
(q, λ,M1)
r(g,v)
=⇒ (q, λ,M2) if M1 r(g,v)=⇒ M2 for g ∈ G
(q, λ,M1)
w(g,v)
=⇒ (q, λ,M2) if M1 w(g,v)=⇒ M2 for g ∈ G
Internal transitions:
(q1, λ,M)
τ
=⇒ (q2, λ,M) if q1 τ−→ q2
(q1, λ,M1)
spawn(p)
=⇒ (q2, λ,M2) if q1 spawn(p)−→ q2 and M2 = M1 + [n · (p, λinit, [])] for some m ≥ 0
(q1, λ,M)
w(x,v)
=⇒ (q2, λ′,M) if q1 w(x,v)−→ q2 and λ′ = λ[v/x]
(q1, λ,M)
r(x,v)
=⇒ (q2, λ,M) if q1 r(x,v)−→ q2 and v = λ(x)
(q, λ,M1)
r(x,v)
=⇒ (q, λ,M2) if M1 i(x,v)=⇒ M2 and v = λ(x)
(q, λ,M1)
w(x,v)
=⇒ (q, λ′,M2) if M1 o(x,v)=⇒ M2 and λ′ = λ[v/x]
Here, we say that
M1
a
=⇒ M2 for a ∈ Σext
if there is a multi-subset M1 = M
′+[n1 ·t1, . . . , nr ·tr] (where the ti need not necessarily
be distinct) and executions ti
αia=⇒ t′i for i = 1, . . . , r for sequences αi ∈ (Σ \Σext)∗ and
M2 = M
′ + [n1 · t′1, . . . , nr · t′r].
Fig. 2. Multiset semantics of dynamic parametric processes.
Throughout the paper we will use the notation
Σext = {i(x, v), o(x, v), r(g, v),w(g, v) : x ∈ X, g ∈ G, v ∈ V }
for the set of so-called external actions. They are called external because they
concern either the global variables, or the local variables of the parent of the
sub-process. Words in Σ∗ext will describe the external behaviors of a sub-process,
i.e., the interactions with the external world.
The initial state is given by tinit = (qinit, λinit, []), where λinit maps all locals to
the initial value vinit. A transition between two states of [[S]] (m-trees) t1 a=⇒S t2
is defined by induction on the depth of m-trees. We will omit the subscript S
for better readability. The definition is given in Figure 2.
External transitions (cf. Figure 2) describe operations on external variables,
be they global or local. If the actions come from child sub-processes then for
technical convenience we add a bar to them. Thanks to adding a bar, a label
determines the rule that has been used for the transition (This is important
in Prop. 2). The values of global variables are not part of the program state.
Accordingly, these operations therefore can be considered as unconstrained in-
put/output actions.
Internal transitions may silently change the current state, spawn new sub-
processes or update or read the topmost local variables of the process. The
expression λ[v/x] denotes the function λ′ : X → V defined by λ′(x′) = λ(x′)
for x′ 6= x and λ′(x) = v. In the case of spawn, the initial state of the new sub-
processes is given by the argument, while the fresh local variables are initialized
with the default value. In the last two cases (cf. Figure 2) the external actions
i(x, v), o(x, v) of the child sub-processes get relabeled as the corresponding in-
ternal actions r(x, v),w(x, v) on the local variables of the parent.
We write t1
α
=⇒ t2 for a sequence of transitions complying with the sequence
α of action labels. We have chosen the option to allow several child sub-processes
to move in one step. While this makes the definition slightly more complicated, it
simplifies some arguments later. Observe that the semantics makes the actions
(labels) at the top level explicit, while the actions of child sub-processes are
explicit only if they refer to globals or affect the local variables of the parent.
2.3 Problem statement and main result
In this section we define the reachability problem and state our main theorem: it
says that the reachability problem is decidable for dynamic parametric processes
built upon an admissible class of systems. The notion of admissible class will be
introduced later in this section. Before we do so, we introduce a consistency
requirement for runs of parametric processes. In our semantics we have chosen
not to constrain the operations on global variables. Their values are not stored
in the overall state. At some moment, though, we must require that sequences
of read/write actions on some global variable y ∈ G can indeed be realized via
reading from and writing to y.
Definition 1 (Consistency). Let y ∈ G be a global variable. A sequence α ∈
Σ∗ext is y-consistent if in the projection of α on operations on y, every read
action r(y, v) or r(y, v) which is not the first operation on y in α is immediately
preceded either by r(y, v), r(y, v) or by w(y, v) or w(y, v). The first operation on
y in α can be either r(y, vinit), r(y, vinit) or w(y, v),w(y, v) for some v.
A sequence α is consistent if it is y-consistent for every variable y ∈ G. Let
Consistent be the set of all consistent sequences. As we assume both G and V
to be finite, this is a regular language.
Our goal is to decide reachability for dynamic parametric processes.
Definition 2 (Consistent run, reachability). A run of a dynamic paramet-
ric process S is a path in [[S]] starting in the initial state, i.e., a sequence α such
that tinit
α
=⇒S t holds. If α is consistent, it is called a consistent run.
The reachability problem is to decide if for a given S, there is a consistent
run of [[S]] containing an external write or an output action of some distinguished
value #.
Our definition of reachability talks about a particular value of some variable,
and not about a particular state of the process. This choice is common, e.g.,
reaching a bad state may be simulated by writing a particular value, that is only
possible from bad states. The definition admits not only external writes but also
output actions because we will also consider processes without external writes.
We cannot expect the reachability problem to be decidable without any re-
striction on S. Instead of considering a particular class of dynamic parametric
processes, like those build upon pushdown systems, we will formulate mild con-
ditions on a class of such systems that turn out to be sufficient for deciding the
reachability problem. These conditions will be satisfied by the class of pushdown
systems, that is our primary motivation. Still we prefer this more abstract ap-
proach for two reasons. First, it simplifies notations. Second, it makes our results
applicable to other cases as, for example, configuration graphs of higher-order
pushdown systems with collapse.
In order to formulate our conditions, we require the notion of automata, with
possibly infinitely many states. An automaton is a tuple:
A = 〈Q,Σ,∆ ⊆ Q×Σ ×Q,F ⊆ Q〉
where Q is a set of states, Σ is a finite alphabet, ∆ is a transition relation, and
F is a set of accepting states. Observe that we do not single out an initial state.
Apart from the alphabet, all other components may be infinite sets.
We now define what it means for a class of automata to have sufficiently
good decidability and closure properties.
Definition 3 (Admissible class of automata). We call a class C of automata
admissible if it has the following properties:
– Constructively decidable emptiness check: For every automaton A from C
and every state q of A, it is decidable if A has some path from q to an
accepting state, and if the answer is positive then the sequence of labels of
one such path can be computed.
– Alphabet extension: There is an effective construction that given an automa-
ton A from C, and an alphabet Γ disjoint from the alphabet of A, produces
the automaton A	Γ that is obtained from A by adding a self-loop on every
state of A on every letter from Γ . Moreover, A	Γ also belongs to C.
– Synchronized product with finite-state systems: There is an algorithm that
from a given automaton A from C and a finite-state automaton A′ over the
same alphabet, constructs the synchronous product A × A′, that belongs to
C, too. The states of the product are pairs of states of A and A′; there is a
transition on some letter from such a pair if there is one from both states in
the pair. A pair of states (q, q′) is accepting in the synchronous product iff q
is an accepting state of A and q′ is an accepting state of A′.
There are many examples of admissible classes of automata. The simplest is the
class of finite automata. Other examples are (configuration graphs of) pushdown
automata, higher-order pushdown automata with collapse, VASS with action
labels, communicating automata, etc.
Given a dynamic parametric process S, we obtain an automaton AS by
declaring all states final. That is, given the transition system S = 〈Q,G,X, V,∆, qinit, vinit〉
we set AS = 〈Q,ΣG,X,V , ∆,Q〉, where ΣG,X,V is the alphabet of actions appear-
ing in ∆. The automaton AS is referred to as the associated automaton of S.
The main result of this paper is:
Theorem 1. Let C be an admissible class of automata. The reachability problem
for dynamic parametric processes with associated automata in C, is decidable.
As a corollary, we obtain that the reachability problem is decidable for push-
down dynamic parametric processes, that is where each sub-process is a push-
down automaton. Indeed, in this case C is the class of pushdown automata. Sim-
ilarly, we get decidability for dynamic parametric processes with subprocesses
being higher-order pushdown automata with collapse, and the other classes listed
above.
3 Set semantics
The first step towards deciding reachability for dynamic parametric processes is
to simplify the semantics. The idea of using a set semantics instead of a multiset
semantics has already been suggested in [9, 4, 11, 5]. We adapt it to our model,
and show that the resulting set semantics is equivalent to the multiset semantics
— at least as far as the reachability problem is concerned. We conclude this
section with several useful properties of runs of our systems that are easy to
deduce from the set semantics.
Set configuration trees or s-trees for short, are of the form
s ::= (q, λ, S)
where q ∈ Q, λ : X → V , and S is a finite set of s-trees. As in the case of m-trees,
we consider only finite s-trees. In particular, this means that s-trees necessarily
have finite depth. Configuration trees of depth 0 are those where S is empty.
The set S-treesk of s-trees of depth k ≥ 0 is defined in a similar way as the set
M-treesk of multiset configuration trees of depth k.
With a given dynamic parametric process S, the set semantics associates a
transition system [[S]]s with s-trees as states. Its transitions have the same labels
as in the case of multiset semantics. Moreover, we will use the same notation as
for multiset transitions. It should be clear which semantics we are referring to,
as we use t for m-trees and s for s-trees.
As expected, the initial s-tree is sinit = (qinit, λinit, ∅).
The transitions are defined as in the multiset case but for multiset actions
that become set actions:
S
spawn(p)
=⇒ S ∪ {(p, λinit, ∅)} and S1 a=⇒ S2 if a ∈ Σext
for S2 = S1 ∪ B where for each s2 ∈ B there is some s1 ∈ S1 so that s1 αa=⇒ s2
for some sequence α ∈ (Σ \Σext)∗.
The reachability problem for dynamic parametric processes under the set
semantics asks, like in the multiset case, whether there is some consistent run of
[[S]]s that contains an external write or an output of a special value #.
Proposition 1. The reachability problems of dynamic parametric processes un-
der the multiset and the set semantics, respectively, are equivalent.
We proceed to show that the set and the multiset semantics are equivalent
in the context of reachability.
On s-trees and sets of s-trees, we define inductively the preorder v by
– s v s;
– if S v S′ then (q, λ, S) v (q, λ, S′);
– if for all s ∈ S there is some s′ ∈ S′ with s v s′, then S v S′.
The relation v is reflexive and transitive, but not necessarily anti-symmetric.
Thus, it defines an equivalence relation on s-trees.
Every m-tree determines an s-tree by changing multisets to sets:
set((q, λ,M)) = (q, λ, {set(t) : t ∈M})
The next two lemmas state a correspondence between multiset and set semantics.
Lemma 1. For all m-trees t1, t2, multisets M1, M2, s-tree s1, and set of s-trees
S1:
– If t1
a
=⇒ t2 and set(t1) v s1 then s1 a=⇒ s2 for some s2 with set(t2) v s2.
– If M1
a
=⇒M2 and set(M1) v S1 then S1 a=⇒ S2 for some S2 with set(M2) v
S2.
Proof. We will show only the most involved case of multiset transitions. Suppose
M1
a
=⇒ M2. Then we have by definition some subset B = [n1 · t1, . . . , nr · tr]
of M1 where for i = 1, . . . , r, ti
αia=⇒ t′i holds for a sequence αi ∈ (Σ \ Σext)∗,
and M2 = M1 −˙ B + [n1 · t′1, . . . , nr · t′r]. Since set(M1) v S1, we have for all
i, some si ∈ S1 with set(ti) v si. Then by induction assumption si αia=⇒ s′i
with set(t′i) v s′i. Taking S2 = S1 ∪ {s′1, . . . , s′r} we obtain set(M2) v S2 and
S1
a
=⇒ S2. uunionsq
For the next lemma we introduce the auxiliary notions of n-thick multisets and
n-thick m-trees for n ∈ N. They are defined by mutual recursion. A multiset is
n-thick if every element in M is n-thick and appears with the multiplicity at
least n (note that M = [] is n-thick for every n). An m-tree t = (q, λ,M) is
n-thick if M is n-thick.
Lemma 2. – If s1
a
=⇒ s2 for s-trees s1, s2, then there is some factor m ≥ 1
so that for every n ≥ 1 and (m ·n)-thick t1 with set(t1) = s1, t1 a=⇒ t2 holds
for some n-thick t2 with set(t2) = s2.
– If S1
a
=⇒ S2 for sets of s-trees S1, S2, then there is some factor m ≥ 1 so
that for every n ≥ 1 and (m · n)-thick M1 with set(M1) = S1, M1 a=⇒ M2
holds for some n-thick multiset M2 with set(M2) = S2.
Proof. We consider only set transitions. If a = spawn(p), then S2 = S1 ∪
{(p, λinit, ∅)} and we can choose m as 1. Now assume that S2 = S1∪{s′1, . . . , s′m′}
where for each i, there is some si ∈ S1 with si αia=⇒ s′i for some sequence αi ∈
(Σ \Σext)∗ of actions with corresponding factor mi. Then define m as the maxi-
mum of m′+1 and mi, i = 1, . . . ,m′. Consider some M1 with set(M1) = S1 which
is (m ·n)-thick. Thus, for each i, there is some ti with set(ti) = si with M1(t1) ≥
mn ≥ min. The induction hypothesis gives us some t′i with set(t′i) = s′i which is
n-thick so that ti
αia=⇒ t′i. We defineM2 = M1−˙[n·t1, . . . , n·tm′ ]+[n·t′1, . . . , n·t′m′ ].
Then M2 is n-thick and M1
a
=⇒M2. uunionsq
Corollary 1. The reachability problems for the multiset and set semantics are
equivalent.
Proof. Lemma 1 implies that if tinit
α
=⇒ t for some sequence α and some t then
sinit
α
=⇒ s for some s.
For the opposite direction take an execution sinit
α
=⇒ s for some s. By def-
inition, tinit is m-thick for every m ≥ 1. Then Lemma 2 gives us an execution
tinit
α
=⇒ t. uunionsq
4 External sequences and signatures
In this section we define some useful languages describing the behavior of dy-
namic parametric processes. Since our constructions and proofs will proceed by
induction on the depth of s-trees, we will be particularly interested in sequences
of external actions of subtrees of processes, nd in signatures of such sequences,
as defined below. Recall the definition of the alphabet of external actions Σext
(see page 7). Other actions of interest are the spawns occurring in S:
Σsp = {spawn(p) : spawn(p) is a label of a transition in S}
Recall that according to our definitions, Σsp is finite.
For a sequence of actions α, let ext(α) be the subsequence of external actions
in α, with additional renaming of w , and r actions to actions without a bar, if
they refer to global variables g ∈ G:
ext(a) =

r(g, v) if a = r(g, v) or a = r(g, v)
w(g, v) if a = w(g, v) or a = w(g, v)
a if a = i(x, v) or a = o(x, v)
 otherwise
Let
α
=⇒k stand for the restriction of α=⇒ to s-trees of depth at most k (the
trees of depth 0 have only the root). This allows to define a family of languages
of external behaviors of trees of processes of height k. This family will be the
main object of our study.
Extk = {spawn(p) ext(α) : (p, λinit, ∅) α=⇒k s for some s, spawn(p) ∈ Σsp}
The following definitions introduce abstraction and concretization operations
on (sets of) sequences of external actions. The abstraction operation extracts
from a sequence its signature, that is, the subsequence of first occurrences of
external actions:
Definition 4 (Signature, canonical decomposition). The signature of a
word α ∈ Σ∗ext , denoted sig(α), is the subsequence of first appearances of actions
in α.
For a word α with signature sig(α) = b0b1 · · · bk, the (canonical) decomposi-
tion is α = b0α1b1α2b2 · · ·αkbkαk+1, where bi does not appear in α1 · · ·αi, for
all i.
For words β ∈ Σsp · Σ∗ext the signature is defined by sig(spawn(p)α) =
spawn(p) · sig(α).
The above definition implies that α1 consists solely of repetitions of b0. In Ex-
ample 2 the signatures of the executions at level 1 are spawn(p)i(x, 0)o(x, 1),
spawn(p)i(x, 1)o(x, 2), and spawn(p)i(x, 1)o(x, 0). Observe that all signatures at
level 1 in this example are prefixes of the above signatures.
While the signature operation removes actions from a sequence, the con-
cretization operation lift inserts them in all possible ways.
Definition 5 (lift). Let α ∈ Σ∗ext be a word with signature b0, . . . , bn and
canonical decomposition α = b0α1b1α2b2 · · ·αkbkαk+1. A lift of α is any word
β = b0β1b1β2b2 · · ·βkbkβk+1, where βi is obtained from αi by inserting some
number of actions b0, . . . , bi−1, for i = 1, . . . , k + 1. We write lift(α) for the set
of all such words β. For a set L ⊆ Σ∗ext we define
lift(L) =
⋃
{lift(α) : α ∈ L}
We also define lift(spawn(p) ·α) as the set spawn(p) · lift(α), and similarly lift(L)
for L ⊆ Σsp ·Σ∗ext .
Observe that α ∈ lift(sig(α)). Another useful property is that if β ∈ lift(α) then
α, β agree in their signatures.
5 Systems under hypothesis
This section presents the proof of our main result, namely, Theorem 1 stating
that the reachability problem for dynamic parametric processes is decidable for
an admissible class of systems. The corresponding algorithm will analyze a pro-
cess tree level by level. The main tool is an abstraction of child sub-processes by
their external behaviors. We call it systems under hypothesis.
Let us briefly outline this idea. A configuration of a dynamic parametric pro-
cess is a tree of sub-processes, Figure 3(a). The root performs (1) input/output
external operations, (2) read/writes to global variables, and (3) internal opera-
tions in form of reads/writes to its local variables, that are also accessible to the
LL(a) (b)
root process
root’s variable
read/write to globals
read/write to globalsread/write to globals
input/output
child process
a tree of 
subprocesses
Fig. 3. Reduction to a system under hypothesis.
child sub-processes. We are now interested in possible sequences of operations on
the global variables and the local variables of the root, that can be done by the
child sub-processes. If somebody provided us with the set Lp of all such possible
sequences, for child sub-processes starting at state p, for all p, we could simplify
our system as illustrated in Figure 3(b). We would replace the set of all sub-trees
of the root by (a subset of) L = {spawn(p)β : β ∈ pref(Lp), spawn(p) ∈ Σsp}
summarizing the possible behaviors of child sub-processes.
A set L ⊆ Σsp ·Σ∗ext is called a hypothesis, as it represents a guess about the
possible behaviors of child sub-processes.
Let us now formalize the notion of execution of the system under hypothesis.
For that, we define a system SL that cannot spawn child sub-processes, but
instead may use the hypothesis L. We will show that if L correctly describes
the behavior of child sub-processes then the set of runs of SL equals the set of
runs of S with child sub-processes. This approach provides a way to compute
the set of possible external behaviors of the original process tree level-wise: first
for systems restricted to s-trees of height at most 1, then 2, . . . , until a fixpoint
is reached.
The configurations of SL are of the form (q, λ,B), where λ is as before a
valuation of local variables, and B ⊆ pref(L) is a set of sequences of external
actions for sets of sub-processes.
The initial state is rinit = (qinit, λinit, ∅). We will use r to range over configu-
rations of SL. Transitions between two states r1 a99KL r2 are listed in Figure 4.
Notice that transitions on actions of child sub-processes are modified so that
now L is used to test if an action of a simulated child sub-process is possible.
We list below two properties of 99KL. In order to state them in a convenient
way, we introduce a filtering operation filter on sequences. The point is that
external actions of child sub-processes are changed to r and w , when they are
exposed at the root of a configuration tree. In the definition below we rename
them back; additionally, we remove irrelevant actions. So filter(α) is obtained by
External transitions under hypothesis:
(q1, λ, B)
a99KL (q2, λ, B) if q1 a−→ q2 if a ∈ Σext
(q, λ,B)
w(g,v)
99K L (q, λ,B ∪B′ · {w(g, v)}) if ∅ 6= B′ ⊆ B, B′ · {w(g, v)} ⊆ pref(L)
(q, λ,B)
r(g,v)
99K L (q, λ,B ∪B′ · {r(g, v)}) if ∅ 6= B′ ⊆ B, B′ · {r(g, v)} ⊆ pref(L)
Internal transitions under hypothesis:
(q1, λ, B)
τ99KL (q2, λ, B) if q1 τ−→ q2
(q1, λ, B)
spawn(p)
99K L (q2, λ, B ∪ {spawn(p)}) if q1 spawn(p)−→ q2 and spawn(p) ∈ pref(L)
(q1, λ, B)
w(x,v)
99K L (q2, λ′, B) if q1
w(x,v)−→ q2 and λ′ = λ[v/x]
(q1, λ, B)
r(x,v)
99K L (q2, λ, B) if q1
r(x,v)−→ q2 and λ(x) = v
(q, λ,B)
w(x,v)
99K L (q, λ′, B ∪B′ · {o(x, v)}) if ∅ 6= B′ ⊆ B, B′ · {o(x, v)} ⊆ pref(L)
λ′ = λ[v/x]
(q, λ,B)
r(x,v)
99K L (q, λ,B ∪B′ · {i(x, v)}) if ∅ 6= B′ ⊆ B, B′ · {i(x, v)} ⊆ pref(L),
λ(x) = v
Fig. 4. Transitions under hypothesis (g ∈ G, x ∈ X).
the following renaming of α:
filter :
r(x, v)→ i(x, v) , r(g, v)→ r(g, v) ,
w(x, v)→ o(x, v) , w(g, v)→ w(g, v) ,
a→ a if a ∈ Σsp ,
a→  otherwise
The next two lemmas follow directly from the definition of
α99KL.
Lemma 3. If (q, λ, ∅) α99KL (q′, λ′, B) then B ⊆ pref(L), and every β ∈ B is a
scattered subword of filter(α).
Lemma 4. If L1 ⊆ L2 and (p, λ, ∅) α99KL1 r then (p, λ, ∅)
α99KL2 r.
The next lemma states a basic property of the relation
α99KL. If we take for L the
set of all possible behaviors of child sub-processes with s-trees of height at most
k, then
α99KL gives us all possible behaviors of a system with s-trees of height at
most k + 1. This corresponds exactly to the situation depicted in Figure 3.
Lemma 5. Suppose L = Extk. For every p, q, λ, and α we have: (p, λinit, ∅) α99KL
(q, λ,B) for some B iff (p, λinit, ∅) α=⇒k+1 (q, λ, S) for some S.
Proof. The statement may look almost tautological, but is not. We prove two
directions:
1. Whenever (p, λinit, ∅) α=⇒k+1 (q, λ, S), then there is someB so that (p, λinit, ∅) α99KL
(q, λ,B) holds.
2. Whenever (p, λinit, ∅) α99KL (q, λ,B), then there is some finite set S of s-trees
of depth at most k so that (p, λinit, ∅) α=⇒k+1 (q, λ, S).
Statement 1 follows by induction on the length of α where the set B satisfies
the invariant that for every s ∈ S, there is some β = spawn(p′)β′ in B such that
(p′, λinit, ∅) α
′
=⇒k s holds for some α′, with ext(α′) = β′.
The proof of statement 2 is more technical. Assume that α = a1 · · · an
and (pi, λi, Bi)
ai99KL (pi+1, λi+1, Bi+1) for i = 1, . . . , n, where (p1, λ1, B1) =
(p, λinit, ∅) and (pn+1, λn+1, Bn+1) = (q, λ,B). We construct below a correspond-
ing sequence of sets of s-trees S1, . . . , Sn+1 with (pi, λi, Si)
ai=⇒k (pi+1, λi+1, Si+1),
i = 1, . . . , n.
Since Bn+1 ⊆ pref(Extk), we have for every β = spawn(pβ)β′ ∈ Bn+1 that
(pβ , λinit, ∅) γβ=⇒k (qβ , λ, Sβ), for some γβ with ext(γβ) = β′. This means for β′ =
bβ,1 · · · bβ,nβ that γβ has the form: γβ = γβ,1bβ,1 · · · γβ,nβbβ,nβ with ext(γβ,j) = ε
for all j. Moreover, there are s-trees sβ,j of depth at most k so that sβ,j
γβ,jbβ,j
=⇒ k
sβ,j+1 for j = 1, . . . , nβ with sβ,1 = (pβ , λinit, ∅) and sβ,nβ+1 = (qβ , λ, Sβ). Then
we define Si as the set of all sβ,j such that spawn(pβ)bβ,1 · · · bβ,j−1 is a scattered
subword of filter(a1 · · · ai−1).
It remains to prove that (pi, λi, Si)
ai=⇒k (pi+1, λi+1, Si+1) holds for every
i = 1, . . . , n. For that we perform a case distinction on action ai. If ai is of
the form τ, r(g, v),w(g, v), i(x, v) or o(x, v), then Bi+1 = Bi, Si+1 = Si and
the assertion holds. If ai is the action spawn(p
′), then Bi+1 = Bi ∪ {spawn(p′)}.
Likewise, Si+1 = Si ∪ {(p′, λinit, ∅)} in accordance with our claim.
The most complicated case is when ai is of one of the forms r(y, v),w(y, v)
for y ∈ X ∪G and v ∈ V . Then Bi+1 = Bi ∪B′ · {b} for b = filter(ai) and some
B′ ⊆ Bi with B′ · {bi} ⊆ Bn+1 ⊆ pref(L). Let S be the set consisting of all
sβ,j+1 such that spawn(pβ)bβ,1 · · · bβ,j is a scattered subword of filter(a1 . . . ai)
and bβ,j = b. This set S is not empty since B
′ is not empty. We have Si+1 = Si∪S
by the definition of Si and Si+1. Now for every sβ,j+1 ∈ S we have by definition
sβ,j
γβ,jbβ,j
=⇒ k sβ,j+1, and bβ,j = b. Since spawn(pβ)bβ,1 · · · bβ,j−1 is a scattered
subword of filter(a1 · · · ai−1), we have sβ,j ∈ Si. This shows that we have indeed
(pi, λi, Si)
ai=⇒k (pi+1, λi+1, Si ∪ S), with Si ∪ S = Si+1.
uunionsq
The question we will pursue now is whether in the lemma above, we may replace
Extk with some simpler set and still get all computations of the system of height
k + 1. Of central importance here is the following lemma saying that the lift
operation (cf. Definition 5) does not add new behaviours.
Lemma 6. Assume that L ⊆ Σsp ·Σ∗ext and L′ = lift(L). Then (p, λinit, ∅)
α99KL
(q, λ,B) for some B ⊆ pref(L) iff (p, λinit, ∅) α99KL′ (q, λ,B′) for some B′ ⊆
pref(L′).
Proof. The left-to-right direction is obvious by monotonicity, since L ⊆ L′.
We focus on the right-to-left direction. The main idea is that the first oc-
currences of actions in sequences from B suffice to simulate any sequence from
B′.
Assume that α = a1 · · · an, and (pi, λi, B′i)
ai99KL′ (pi+1, λi+1, B′i+1) for i =
1, . . . , n where (p1, λ1, B
′
1) = (p, λinit, ∅) and (pn+1, λn+1, B′n+1) = (q, λ,B′). For
i = 1, . . . , n + 1, we define a subset Bi ⊆ pref(L) by Bi = {β ∈ pref(L) :
lift(β) ∩ B′i 6= ∅}. By case distinction, we verify that indeed (pi, λi, Bi)
ai99KL
(pi+1, λi+1, Bi+1) holds for i = 1, . . . , n. If ai is either τ, r(x, v),w(x, v) or in
Σext , then B
′
i+1 = B
′
i, Bi+1 = Bi, and the assertion holds inductively. If ai is
the action spawn(p′), then B′i+1 = B
′
i ∪ {spawn(p′)}, Bi+1 = Bi ∪ {spawn(p′)},
and the assertion holds, again by induction.
It remains to consider the case where ai is r(y, v) or w(y, v), where y ∈ X∪G,
v ∈ V . Let b = filter(ai), and B′i+1 = B′i ∪ B′ · {b} for some ∅ 6= B′ ⊆ B′i with
B′ · {b} ⊆ pref(L′). We need to find some B ⊆ Bi such that Bi+1 = Bi ∪B · {b}.
Let B = {β ∈ Bi : lift(β) ∩ B′ 6= ∅}. We claim that Bi ∪ B · {b} = Bi+1.
To show Bi ∪ B · {b} ⊆ Bi+1 we argue that for every β ∈ B, lift(βb) ∩ B′b 6= ∅.
Conversely, let β′b ∈ B′{b}, and β ∈ Bi+1 such that β′b ∈ lift(β). We need to
show that β ∈ Bi∪B{b}. In particular, we know that β ∈ pref(L). Either β is of
the form β = β1b and β1 has no b. Thus, β
′ ∈ lift(β1), so β1 ∈ B and β ∈ B{b}.
Or β = β1bβ2 with β
′ ∈ lift(β). Since β′ ∈ B′i we have in this case β ∈ Bi by
definition. uunionsq
So Lemma 5 says that child sub-processes can be abstracted by their external
behaviors. Lemmas 4 and 6 allow to abstract a set L of external behaviors by
a subset L1 ⊆ L, as long as L ⊆ lift(L1) holds. In the following, we introduce a
well-quasi-order to characterize a smallest such subset, which we call core.
Definition 6 (Order, core). We define an order on Σ∗ext by α 4 β if β ∈
lift(α). This extends to an order on Σsp ·Σ∗ext : spawn(p)α 4 spawn(q)β if p = q
and α 4 β. For a set L ⊆ Σsp · Σ∗ext , we define core(L) as the set of minimal
words in L with respect to the relation 4.
The following lemma states the most important property of the order 4:
Lemma 7. The relation 4 is a well-quasi-order on words with equal signature.
Since the number of signatures is finite, the set core(L) is finite for every set
L ⊆ Σsp ·Σ∗ext .
Proof. We spell out what it means that α 4 β, by expanding the definition of
lift(α). First recall that if α 4 β then the two sequences have the same signatures.
Let α = spawn(p)α′ and β = spawn(p)β′, sig(α′) = sig(β′) = b1 · · · bk for some p.
Consider the canonical decompositions of α′, β′:
α′ = b1α′1b2α
′
2 · · · bkαk , β′ = b1β′1b2β′2 · · · bkβk .
We have α 4 β iff α′i is a scattered subword of β′i, for every i = 1, . . . , k+1. Since
being a scattered subword is a well-quasi-order relation, the lemma follows. uunionsq
Consider, e.g., the set L = Ext1 of all external behaviors of depth 1 in Example 1.
Then core(L) consists of the sequences:
spawn(q) w(g0,#), spawn(p) i(x, 1)o(x, 2)o(x, 3), spawn(p) i(x, 1)o(x, 3)o(x, 2)
together with all their prefixes (recall that k in Extk refers to s-trees of depth at
most k).
The development till now can be summarized by the following:
Corollary 2. For a set L ⊆ Σsp · Σ∗ext , and L′ = core(L): (p, λinit, ∅)
α99KL
(q, λ,B) for some B ⊆ L iff (p, λinit, ∅) α99KL′ (q, λ,B′) for some B′ ⊆ L′.
Proof. Since core(L) ⊆ L, the right-to-left implication follows by monotonicity.
For the other direction we observe that L ⊆ lift(core(L)), so we can use Lemma 6
and monotonicity. uunionsq
Now we turn to the question of computing the relation
α99KL for a finite set
L. For this we need our admissibility assumptions from page 9.
Proposition 2. Let C be an admissible class of automata, and let S be a tran-
sition system whose associated automaton is in C. Suppose we have two sets
L,L′ ⊆ Σsp ·Σ∗ext with L ⊆ L′ ⊆ lift(L). Consider the set
K = {spawn(p)ext(α) : spawn(p) ∈ Σsp and (p, λinit, ∅) α99KL′ r′, for some r′}
determined by S and L′. If L is finite then we can compute the sets
core(K) and core({α ∈ K : α consistent}) .
The proof of the above proposition works by augmenting the transition sys-
tem S by a finite-state component taking care of the valuation of local variables
and of prefixes of L that were used in the hypothesis. The admissibility of C is
then used to compute the core of the language of the automaton thus obtained.
Proof. By Lemmas 4 and 6, the relations
α99KL and
α99KL′ are the same. Since
L is finite, there are only finitely many sets B ⊆ L. Moreover, the number of
valuations λ is finite by our initial definitions. This allows to construct a finite
automaton A, whose states are pairs (λ,B) and transitions are as those of 99KL
but without the first component:
(λ,B)
w(g,v)−→ (λ,B ∪B′ · {w(g, v)}) if ∅ 6= B′ ⊆ B, B′ · {w(g, v)} ⊆ pref(L),
(λ,B)
r(g,v)−→ (λ,B ∪B′ · {r(g, v)}) if ∅ 6= B′ ⊆ B, B′ · {r(g, v)} ⊆ pref(L)
(λ,B)
spawn(p)−→ (λ,B ∪ {spawn(p)}) if spawn(p) ∈ pref(L)
(λ,B)
w(x,v)−→ (λ[v/x], B)
(λ,B)
r(x,v)−→ (λ,B) if λ(x) = v
(λ,B)
w(x,v)−→ (λ[v/x], B ∪B′ · {o(x, v)}) if ∅ 6= B′ ⊆ B, B′ · {o(x, v)} ⊆ pref(L)
(λ,B)
r(x,v)−→ (λ,B ∪B′ · {i(x, v)}) if λ(x) = v, ∅ 6= B′ ⊆ B, B′ · {i(x, v)} ⊆ pref(L)
(λ,B)
a−→ (λ,B) for all a ∈ Σext
Now consider the automaton AS associated to S. This automaton belongs
to our admissible class C, so its alphabet extension is also in C:
A′S = AS	{r(y, v),w(y, v) : y ∈ X ∪G, v ∈ V } .
Intuitively, we add to AS self-loops on actions that are in AL but not in AS .
Finally, consider the product AK = A′S × AL. We have that for every pair of
states q, q′, valuations λ, λ′, and sets B,B′: (q, λ,B)
α99KL (q′, λ,B′) iff there is a
path labeled α from (q, λ,B) to (q′, λ,B′) in AK . Then spawn(p)α ∈ K iff there
is path in AK from (p, λinit, ∅) labeled by some α′ with ext(α′) = α.
The above paragraph says that in order to compute core(K) it is enough
to compute core(ext(Kp)) where Kp is the set of labels of runs of AK from
(p, λinit, ∅). Since AK belongs to our admissible class C, we can use the effective
emptiness test. If the language of AK is not empty then we can find a word
α1 that is accepted from (p, λinit, ∅). Next we look for β ∈ core(ext(Kp)) with
β 4 ext(α1). To this end, for every β 4 ext(α1) we consider an automaton Aβ
accepting all the words α′ such that ext(α′) = β. We build the product of AK
with Aβ and check for emptiness. Then we choose one minimal β1 for which this
product is non-empty.
To find a next word from core(ext(Kp)) we construct a finite automaton Nβ1
accepting all words α′ such that β1 64 ext(α′). Then we considerAK×Nβ1 instead
of AK . If the language accepted by AK×Nβ1 is not empty then we get a word α2
in the language. We apply the above procedure to α2, iterating through all words
β 4 ext(α2) and checking if the language of AK × Aββ1 is empty; here A
β
β1
is a
finite automaton accepting all words α′ such that ext(α′) = β and α′ ∈ Nβ1 . We
choose one minimal β2 for which such a product is non-empty. For the following
iteration we construct Nβ2 accepting all words α′ such that β2 64 ext(α′). So
Nβ1 ×Nβ2 accepts all words α′ that β1 64 ext(α′) and β2 64 ext(α′). We continue
this way, finding words β1, . . . , βk ∈ core(ext(Kp)) till AK ×Nβ1 × · · · × Nβk is
empty. At that point we know that {β1, . . . , βk} = core(ext(Kp)).
This procedure works also for the second statement by observing that the
set of all consistent sequences, let us call it Consistent , is a regular language. So
instead of starting with K in the above argument we start with K ∩Consistent .
uunionsq
In the next two corollaries, S is such that its associated automaton AS be-
longs to an admissible class.
Corollary 3. The sets core(Ext0) and core(Ext0 ∩Consistent) are computable.
Proof. As we are concerned with s-trees of depth 0, all occurring configurations
are of the form (q, λ, ∅). This means that spawn(p)α ∈ Ext0 iff (p, λinit, ∅) α99K∅
(q, λ, ∅) for some q and λ. We can then use Proposition 2 with L = L′ = ∅. uunionsq
Corollary 4. Under the hypothesis of Proposition 2: for every k ≥ 0, we can
compute core(Extk) and core(Extk ∩ Consistent).
Proof. We start with L0 = core(Ext0) that we can compute by Corollary 3.
Now assume that Li = core(Ext i) has already been computed. By Lemma 5,
Li+1 equals the core of {spawn(p)ext(α) : (p, λinit, ∅) α99KLi r, some r} which, by
Proposition 2, is effectively computable. uunionsq
Now we have all ingredients to prove Theorem 1.
Proof (of Theorem 1). Take a process S as in the statement of the theorem. The
external behaviors of S are described by the language
L =
⋃
k∈N
{spawn(p)ext(α) : (p, λinit, ∅) α99KExtk r, for some r}
If we denote Lk = core(Extk) then by Corollary 2, the language L is equal to
L′ =
⋃
k∈N
{spawn(p)ext(α) : (p, λinit, ∅) α99KLk r, for some r}
By definition, Ext0 ⊆ Ext1 ⊆ · · · is an increasing sequence of sets. By Lemma 7,
this means that there is some m so that core(Extm) = core(Extm+i), for all i.
Therefore, L′ is equal to
{spawn(p)ext(α) : (p, λinit, ∅) α99KLm r, for some r}
By Corollary 4, the set Lm = core(Extm) is computable and so is core(L
′ ∩
Consistent). Finally, we check if in this latter set there is a sequence starting
with spawn(qinit) and an external write or an output of #. uunionsq
6 Processes with generalized features
In this section we consider pushdown dynamic parametric processes where a sub-
process cannot write to its own variables, but only to the variables of its parent.
This corresponds to the situation when after a parent has created sub-processes,
the latter may communicate computed results to the parent and to their siblings,
but the parent cannot communicate to child sub-processes. We call such a model
a pushdown dynamic parametric process with generalized futures. We have seen
an example of such a system in Figure 1. Technically, processes with generalized
futures are obtained by disallowing w(x, v) actions in our general definition.
Additionally, we rule out global variables, i.e., G = ∅. Accordingly, we may
no longer define reachability via reachability of a write action to some global
variable, but as reachability of an output action o(x,#) of some special value #
to some variable x of the root process.
For processes with generalized futures, reachability can be decided by a some-
what simpler approach. In particular, we present an Exptime algorithm to de-
cide reachability.
In this section we need an additional assumption concerning the initial value
of variables. Since this initial value causes problems as it is the one that cannot
be reproduced once overwritten, we require:
Proviso: We consider systems where the initial value vinit of a variable can be
neither read nor written.
Since in the case that we consider in this section there are no global variables,
the external alphabet simplifies to:
Σext = {i(x, v), o(x, v) : x ∈ X, v ∈ V } .
From the definition of transitions r1
a99KL r2 of sub-processes modulo hypothesis
we can see that the label a can be either an external action, or internal action
of the form: τ, spawn(p), r(x, v),w(x, v), r(x, v).
Disallowing w(x, v) operations has an important impact on the
α99KL seman-
tics. By inspecting the rules, we notice that there is only one remaining rule,
namely w(x, v), that changes the value of the component λ, and this rule does
not change the state component.
The next lemma is the main technical step in this section. It says that for pro-
cesses with generalized futures, sig(Extk) as hypothesis yields the same behaviors
as Extk.
Lemma 8. For a dynamic parametric process S with generalized futures, let
L = sig(Extk) and L
′ = Extk. We have: (p, λinit, ∅) α99KL (q, λ,B) for some λ,
B ⊆ L iff (p, λinit, ∅) α
′
99KL′ (q, λ′, B′) for some λ′, B′ ⊆ L′, and some α′ with
ext(α) = ext(α′).
Proof. For the right-to-left implication observe that Extk ⊆ lift(sig(Extk)). So, if
(p, λinit, ∅) α99KL′ (q, λ,B) then (p, λinit, ∅) α99KL′′ (q, λ,B) for L′′ = lift(sig(Extk)).
But then Lemma 6 gives us (p, λinit, ∅) α99KL (q, λ,B′) for some B′.
For the left-to-right implication note first that it does not follow from mono-
tonicity, since sig(Extk) may contain sequences that are not in Extk. So assume
that α = a1 · · · an, and (pi, λi, Bi) ai99KL (pi+1, λi+1, Bi+1) for i = 1, . . . , n where
(p1, λ1, B1) = (p, λinit, ∅) and (pn+1, λn+1, Bn+1) = (q, λ,B). We look for subsets
B′i of Extk, for i = 1, . . . , n + 1, such that (pi, λ
′
i, B
′
i)
δiai99KL′ (pi+1, λ′i+1, B′i+1)
for some sequence δi of internal actions. The additional δ’s are needed since the
elements of L are subsequences of those from L′.
For every maximal signature β ∈ Bn+1 ⊆ pref(L), we fix a sequence β′ ∈
pref(L′) such that sig(β′) = β: for β = spawn(pβ)bβ,1 · · · bβ,nβ we will write
β′ = spawn(pβ)bβ,1γβ,1 · · · bβ,nβγβ,nβ , for some γβ,j ∈ Σ∗ext .
We define B′i as the smallest prefix closed set that satisfies the following
property for every maximal sequence β ∈ Bn+1: if the prefix spawn(β)bβ,1 · · · bβ,j
is in Bi (for some j ≤ nβ) then spawn(pβ)bβ,1γβ,2 · · · bβ,j−1γβ,j−1bβ,j is in B′i.
It remains to prove that (pi, λ
′
i, B
′
i)
δiai99KL′ (pi+1, λ′i+1, B′i+1) for some sequence
δi of internal actions. For that we perform a case distinction on the action ai. If
ai is τ , i(x, v) or o(x, v), then only the state changes, so the assertion holds by
induction. If ai is spawn(p
′), then Bi+1 = Bi ∪ {spawn(p′)}. Likewise, B′i+1 =
B′i ∪ {spawn(p′)} according to our claim.
The case ai = r(x, v) is a bit more tricky. If λ
′
i(x) = v then we can do
(pi, λ
′
i, B
′
i)
ai99KL′ (pi+1, λ′i+1, B′i+1) immediately. If not, we need to re-establish
the value v for x. Since by our assumption the initial value is neither read nor
written, we know that there must be some j < i with aj = w(x, v). So B
′
i contains
some sequence ending with o(x, v). But then we can “replay” this output and
do ai: (pi, λ
′
i, B
′
i)
w(x,v)
99K L′ (pi, λ′′i , B′i)
r(x,v)
99K L′ (pi+1, λ′′i , B′i).
The last, more involved case is when ai ∈ {r(x, v),w(x, v) : x ∈ X, v ∈ V }.
Then Bi+1 = Bi ∪ B · {bi} for bi = filter(ai) and some non-empty B ⊆ Bi with
B · {bi} ⊆ Bn+1. Consider the set
B′ = {spawn(pβ)bβ,1γβ,2 · · · bβ,j : spawn(pβ)bβ,1 · · · bβ,j ∈ B} .
By definition, B′ ⊆ B′i, and B′ is not empty since B is not empty. Take some
element of B′, say β′ = spawn(pβ)bβ,1γβ,2 · · · bβ,j . For γ = γβ,j+1 we have
β′γ ∈ pref(L′) and sig(β′ γ) = sig(β′). We claim that we can construct a run
(pi, λ
′
i, B1)
δ99KL′ (pi, λ′′i , B2), for every B1 containing β′, and B2 consisting of
B1 and all prefixes of β
′γ. The sequence δ consists of internal actions.
Assuming this claim, that we prove in the next paragraph, we proceed as
above for each sequence in B′, one after the other. Since B′ is finite, say with k
elements, at the end we get a computation (pi, λ
′
i, B
′
i)
δ1···δk99K L′ (pi, λ′′i , B′′i ) with
B′′i consisting of B
′
i and all prefixes of the set
B′′ = {spawn(pβ)bβ,1γβ,2 · · · bβ,j−1γβ,j : spawn(pβ)bβ,1 · · · bβ,j−1 ∈ B} .
Observe thatB′′i ∪B′′·{bi} = B′i+1. Then we can do (pi, λ′i, B′′i )
ai99KL′ (pi+1, λ′i+1, B′i+1)
as claimed at the beginning.
It remains to prove the claim from the above paragraph. Consider a config-
uration (q, λ′, B) with B ⊆ pref(L′) a prefix closed set, and a sequence β′ ∈ B.
We want to show that for every sequence γ of external actions such that β′γ ∈
pref(L′) and sig(β′) = sig(β′γ), there is a sequence δ of internal actions such that
(q, λ′, B)
δ99KL (q, λ′′, B1), with B1 consisting of B and all prefixes of β′γ.
Let γ = c1 · · · ck. Since sig(β′) = sig(β′γ), for every ci there is a prefix of β′
ending in ci, say β
′
ici. If ci is an input action, say i(x, v), then we must have that
at the moment when β′ici was added into the B component, the valuation λ was
such that λ(x) = v. Thanks to our assumption that the initial value cannot be
read, v is not an initial value. So the only way to have λ(x) = v was to execute
an output o(x, v) before. This action gives a sequence β′′i o(x, v) ∈ B, for some
β′′i ; in particular β
′′
i o(x, v) ∈ pref(L′).
After these preparations we show how to execute the sequence γ. If ci is an
output action then we just execute it since this is always possible as β′ici ∈ B,
and so β′i ∈ B, by prefix closure. If ci is an input action, say i(x, v), then we first
execute o(x, v), that si possible since β′io(x, v) ∈ B. Then we execute i(x, v). uunionsq
Next we turn the question how to compute the set of signatures of executions
efficiently.
Lemma 9. Let S be a pushdown dynamic parametric process with generalized
futures. For any state p of S, and any prefix closed set L ⊆ ΣspΣ∗ext of signatures,
L = sig(L), consider the language
Kp = {ext(α) : (p, λinit, ∅) α99KL (q, λ,B) for some B} .
We can compute in Exptime the sets
{sig(α) : α ∈ Kp} , {sig(α) : α ∈ Kp ∩ Consistent} .
The computation time is exponential in |V |, |X|, and polynomial in the size of
p and the pushdown automaton defining S.
Proof. Assume that α = a1 · · · an, and (pi, λi, Bi) ai99KL (pi+1, λi+1, Bi+1) for
i = 1, . . . , n where (p1, λ1, B1) = (p, λinit, ∅) and (pn+1, λn+1, Bn+1) = (q, λ,B).
Recall that the configurations of 99KL are (q, λ,B) where q is the state of the
system, λ : X → V is a valuation of the internal variables, and B ⊆ pref(L)
is a set of words in ΣspΣ
∗
ext . Since L is a set of signatures its size is at most
exponential in |V | and |X|. So there are at most doubly exponentially many B’s.
This is too much, as we are after a single exponential complexity. We will show
that the same sequence can be executed with B’s of polynomial size.
Let b1 · · · bk be the subsequence of first occurrences of actions of the form
r(x, v), w(x, v) in a1 · · · an. For every bj we choose a sequence βj ∈ B that is
used to perform bj . In other words, if the first occurrence of bj is al then βj ∈ Bl
and βjbj ∈ Bl+1. We define B′i as the subset of Bi consisting all the prefixes of
words βj that are in Bi; more precisely for every i = 1, . . . , n we set:
B′i = {β ∈ B : β prefix of some βj , j = 1, . . . , k}
By induction on i we show that (pi, λi, B
′
i)
ai99KL (pi+1, λi+1, B′i+1), for i =
1, . . . , n. So every sequence of actions can be executed using configurations where
the B-component is of polynomial size.
For every spawn(p) ∈ Σsp , from the pushdown automaton defining S we can
construct a pushdown automaton Pp for the language
Kp = {α : (p, λinit, ∅) α99KL (q, λ,B)}).
For this we take the product of the automaton for S with a finite-state automaton
taking care of the λ-component and the B-component. Note that thanks to the
previous paragraph, this finite state automaton is of exponential size (the λ-
component is exponential in N = max(|X|, |V |), and the sets B consist of at
most N2 sequences and their prefixes).
The statement of the lemma requires us to compute the set sig(ext(Kp)).
This can be done by the following general algorithm starting with i = 0 and
K0 = K
p:
1. Find a word αi ∈ Ki. Let βi = sig(ext(αi)).
2. Consider Ki+1 = Ki∩Ni where Ni is the set of words α such that sig(ext(α))
is not βi (Ni is a regular language).
3. if Ki+1 not empty, go to the first step.
This iteration terminates in exponential number of iterations, since there are ex-
ponentially many signatures, and after every iteration we find one new signature.
Each iteration of the above algorithm takes exponential time: this is because the
pushdown automaton for S is of exponential-size, and so is every pushdown au-
tomaton obtained by taking consecutive intersections with the finite automata
for Ni. Accordingly, the set sig(exp(K
p)) can be computed in Exptime for S
given by a pushdown system.
The statement concerning the consistent sequences follows by the same ar-
gument using the fact that the set Consistent of consistent sequences is regular.
So it is enough to start the iteration from Kp ∩ Consistent instead of Kp. uunionsq
Lemma 10. Let S be a pushdown dynamic parametric process with generalized
futures. Then for every k ≥ 0, the sets sig(Extk) as well as sig(Extk∩Consistent)
are computable in Exptime (exponential in |V |, |X|, polynomial in the pushdown
automaton defining S, and independent of k).
Proof. We start with L0 = sig(Ext0). We can compute it in Exptime thanks to
Lemma 9 by taking L = ∅.
Assume now that Lk = sig(Extk) is already computed, and set L
′
k = Extk.
By Lemmas 5 and 8, Extk+1 is equal to
{spawn(p)ext(α) : (p, λinit, ∅) α99KL′k (q, λ,B) for some B} =
{spawn(p)ext(α) : (p, λinit, ∅) α99KLk (q, λ,B) for some B}
We can now apply Lemma 9 with L = Lk to compute Lk+1 = sig(Extk+1).
Every step can be done in deterministic exponential time. The complexity
bound follows since the number of steps is at most exponential: the sets increase
after each iteration and the number of signatures is exponential in |X|, |V | (and
polynomial in the number of states of the automaton defining S). uunionsq
Theorem 2. The reachability problem for pushdown dynamic parametric pro-
cesses with generalized futures is in DExptime (exponential in |V |, |X|, and
polynomial in the size of the pushdown automaton defining S.)
Proof. Let S be a pushdown dynamic parametric process with generalized fu-
tures. The external behaviors of S are described by the language
L =
⋃
k∈N
{spawn(p)ext(α) : (p, λinit, ∅) α99KExtk r, for some r} .
If we denote Lk = sig(Extk) then by Lemma 8 the language L is equal to
L′ =
⋃
k∈N
{spawn(p)ext(α) : (p, λinit, ∅) α99KLk r, for some r} .
By definition, Ext0 ⊆ Ext1 ⊆ · · · is an increasing sequence of sets. As there are
finitely many signatures, this means that there is some m so that sig(Extm) =
sig(Extm+i), for all i. Therefore, L
′ is equal to
L′′ = {spawn(p)ext(α) : (p, λinit, ∅) α99KLm r, for some r}
By Lemma 10, the set Lm = sig(Extm) can be computed in Exptime, and so
can be sig(L′′ ∩Consistent). Finally we check if in the latter language there is a
sequence starting with spawn(qinit) and containing o(x,#). uunionsq
6.1 Simple futures
Here we consider pushdown processes with simple futures, where every sub-
process communicates only with its parent, by writing values into the registers
shared with the parent. So there is no communication between siblings, therefore
we work with Σext = {o(x, v) : x ∈ X, v ∈ V }. Internal transitions are with
actions of the form τ, spawn(p), r(x, v),w(x, v).
For β ∈ Σ∗ext let out(β) = {o(x, v) : β = spawn(p′)β1o(x, v)β2}, and let
out(spawn(p)α) = {spawn(p)} ∪ spawn(p)out(α). For a set L ⊆ Σsp · Σ∗ext let
out(L) = {out(β) : β ∈ L}.
Lemma 11. Let L ⊆ Σ∗ext be a prefix-closed set of signatures and L′ = out(L).
Then (p, λinit, ∅) α99KL (q, λ,B) for some λ and B ⊆ L iff (p, λinit, ∅) α
′
99KL′
(q, λ′, B′) for some λ′ and B′ ⊆ L′, with ext(α) = ext(α′).
Proof. For the left-to-right direction we show by induction that (p, λinit, ∅) α99KL
(q, λ,B) implies (p, λinit, ∅) α99KL′ (q, λ,B′) for B′ = out(B). Let us assume that
(p1, λ1, B1)
a99KL (p2, λ2, B2). We show that (p1, λ1, out(B1))
a99KL′ (p2, λ2, out(B2)).
If a is either τ , r(x, v) or o(x, v), then the transition changes only the state. If a is
spawn(p′) then B2 = B1∪{spawn(p′)} and also out(B2) = out(B1)∪{spawn(p′)}.
If a = w(x, v), then B2 = B1∪B{o(x, v)} for some B ⊆ B1 with B{o(x, v)} ⊆ L.
Let B′ = {spawn(p′) : spawn(p′)β ∈ B, for some β}. We have B′ ⊆ out(B1) and
out(B2) = out(B1) ∪B′{o(x, v)}, because B1 is prefix closed.
For the right-to-left direction we show by induction on |α′| that (p, λinit, ∅) α
′
99KL′
(q, λ′, B′) for some λ′ and B′ ⊆ L′, then (p, λinit, ∅) α99KL (q, λ,B) for some λ and
B ⊆ L, such that B′ ⊆ out(B), and α′ with ext(α′) = ext(α).
Assume (p, λinit, ∅) = (p1, λ1, B′1)
a199KL′ (p2, λ′2, B′2)
a299KL′ · · ·
an−199KL′ (pn, λ′n, B′n) =
(q, λ′, B′). We look for some λi and Bi ⊆ L such that B′i ⊆ out(Bi) and
(pi, λi, Bi)
δiai99KL (pi+1, λi+1, Bi+1), for every i, for some sequences of internal
actions δi. The case where ai is τ or o(x, v) is immediate, since only the state
changes. Same holds for ai = spawn(p
′), since then B′i+1 = B
′
i ∪{spawn(p′)} and
Bi+1 = Bi ∪ {spawn(p′)}. In all three cases δi is empty.
Let us assume that ai = r(x, v), so λ
′
i(x) = v. If λi(x) = v then we can do
ai immediately, and δi is empty. If not, since the initial value vinit can be neither
read nor written, there must be some j < i such that aj = w(x, v). So B
′
i
contains spawn(p′) and spawn(p′)o(x, v), for some p′. By inductive assumption
we have B′i ⊆ out(Bi), thus there is some sequence spawn(p′)βo(x, v) ∈ Bi,
for some β ∈ Σ∗ext . So we can “replay” this output and do (pi, λi, Bi)
w(x,v)
99K L
(pi, λi+1, Bi+1)
r(x,v)
99K L (pi+1, λi+1, Bi+1) (here we have Bi = Bi+1).
The last case is when ai = w(x, v), so B
′
i+1 = B
′
i∪B′{o(x, v)}, with B′ ⊆ B′i,
B′{o(x, v)} ⊆ L′. In particular, B′ ⊆ Σsp . Since B′ ⊆ out(Bi) we also have
B′ ⊆ Bi. Since B′{o(x, v)} ⊆ out(L) we can choose some subset B ⊆ L with
spawn’s from B′, and such that B{o(x, v)} ⊆ L. So every sequence in B{o(x, v)}
is of the form spawn(qj)βjo(x, v), with βj consisting only of outputs o(x
′, v′),
j = 1, . . . , k. In addition, B′ = {spawn(qj) : j}. Let δj be obtained from βj by
renaming o(x′, v′) into w(x′, v′), and δi = δ1 · · · δk. We have (pi, λi, Bi) δi99KL
(pi, λˆi, Bˆi)
w(x,v)
99K L (pi+1, λi+1, Bi+1), where B′{o(x, v)} ⊆ out(Bi+1) (here we
have pi = pi+1). uunionsq
Together with Lemma 8 we obtain:
Corollary 5. Let L = Extk and L
′ = out(L). Then (p, λinit, ∅) α99KL (q, λ,B)
for some λ and B ⊆ L iff (p, λinit, ∅) α
′
99KL′ (q, λ′, B′) for some λ′ and B′ ⊆ L′,
with ext(α) = ext(α′).
The next lemma computes the set of outputs at level 0:
Lemma 12. Let S be a pushdown dynamic parametric process with simple fu-
tures. For any state p of S, and any prefix-closed set L ⊆ Σsp ∪ ΣspΣext of
outputs, consider the language
Kp = {ext(α) : (p, λinit, ∅) α99KL (q, λ,B) for some B} .
If the number of variables is fixed, then we can determine whether o(x, v) ∈
out(Kp) in NP (resp., Ptime if |V | is fixed).
Proof. From the pushdown system of S we can construct a pushdown system
Pp for Kp, by adding the λ and B component to the finite control. Doing this
yields a pushdown automaton of exponential size, because there are exponen-
tially many B. However, since the B component grows monotonically, we can
guess beforehand the polynomially many changes and check reachability on the
new pushdown of polynomial size. uunionsq
As a consequence we obtain with similar arguments as for signatures:
Lemma 13. Let S be a pushdown dynamic parametric process with simple fu-
tures and a fixed number of variables. Then for every k ≥ 0, we can check
membership in out(Extk) in NP (resp., Ptime if |V | is fixed).
Finally we obtain:
Theorem 3. The reachability problem for pushdown dynamic parametric pro-
cesses with simple futures and a fixed number of variables is NP-complete (resp.,
Ptime if |V | is fixed).
Proof. We only sketch the NP lower bound, that already holds for finite-state
systems, by a reduction from SAT. Let C1 ∧ · · · ∧ Cm be a CNF formula with
clauses Cj over variables x1, . . . , xn. The root process first spawns sub-processes
with initial state 1, then 2, and so on up to n. Then it guesses a valuation
(b1, . . . , bn) ∈ {0, 1}n by writing into the (unique) register (1, b1), . . . , (n, bn). A
sub-process with initial state i will read the value (i, bi) and then write into the
register Cj1 , . . . , Cjk , where j1 < · · · < jk are the indices of those clauses that
become true if xi is set to bi. The root process needs to read C1, . . . , Cn from
the register in order to output #.
7 Dynamic parametric processes without local variables
In this section we consider another restriction of dynamic parametric pushdown
processes, that is incomparable to the previous ones: we allow only communi-
cation over global variables. We show that in this case the power of the spawn
operation is quite limited, and that the hierarchical structure can be flattened.
More precisely, we give a reduction to the reachability problem of parametric
pushdown processes without local variables, where additionally only the root
can do the spawn and and will spawn just once, as its first action. A system with
this property can be simulated by a (C,D)-system as in [7]. We would actually
need a slight extension of (C,D)-systems since the literature considers only the
variant with a single variable. Yet the same methods give decision algorithms
for any fixed finite number of variables. In consequence, this reduction implies
that the reachability problem when each sub-process is realized as a pushdown
system, is Pspace-complete.
Given a dynamic parametric process S = (Q,G, ∅, V, qinit, vinit, ∆) without
local variables we construct a new process flat(S) with one more global variable
gsp , that we call spawn variable. This variable will store spawn demands, that is
the state p when some process has performed spawn(p):
Vsp = {p ∈ Q : spawn(p) occurs in ∆} .
Recall that Vsp is finite since the number of spawn transitions in ∆ is finite. The
main property of flat(S) will be its restricted use of spawn.
The process flat(S) is given by (Q′, G ∪ {gsp}, ∅, V ∪ Vsp , q′init, vinit, ∆′) where
Q′ = Q ∪ {q′init, q′′init} and ∆′ is obtained from ∆ as follows. We replace every
spawn transition q
spawn(p)−→ q′ in ∆ by a write q w(gsp ,p)−→ q′ into the spawn variable.
In addition, from q′init we add to ∆
′ the transition q′init
spawn(q′′init)−→ qinit, and from q′′init
we add q′′init
r(gsp ,p)−→ p for every state p ∈ Q. The result is that in flat(S) the only
spawn operation happens from the new initial state q′init, this operation creates a
number of sub-processes all starting in state q′′init. Subsequently, the sub-process
started in q′init goes to the state qinit and proceeds as in S, but instead of doing
spawn(p) it just writes p into the spawn variable gsp . The sub-processes that have
been spawned are all in state q′′init from which they may proceed by reading p
from the spawn variable. As we can see, every reachable configuration of flat(S)
is a tree of height 1, consisting only of a root and immediate children of the root
created by the single spawn operation. In order to proceed, the children of the
root need to read some p value from the spawn variable.
Lemma 14. A dynamic parametric process S without local variables has a con-
sistent run containing some external write of # if and only if flat(S) has one.
Proof. Since we consider processes without local variables the valuation of the lo-
cal variables is the empty function. In general, a configuration is a triple (q, λ, S),
but now we can omit λ. So in this proof s-trees will have the form (q, S), where
S is a finite set of s-trees. The configurations of flat(S) have one more property
as only the root can do a spawn: the occurring s-trees all are of the form (q, S)
where S is a set of pairs (q′, ∅) for some state q′ — implying that S is essentially
a set of states.
Assume that the process S has a consistent run in the set semantics con-
taining some external write of #. To simulate this run, let flat(S) start with a
transition q′init
spawn(q′′init)−→ qinit spawning sub-processes in state q′′init. A spawn opera-
tion spawn(p) by some sub-process in S is replaced in flat(S) by a write w(gsp , p)
or w(gsp , p) into the spawn variable. This allows a child sub-process to wake up
by moving from state q′′init to p. So when simulating the run of S, we keep the
invariant that the root processes in S and flat(S) are in the same state, and for
every state q but q′′init: state q appears in a configuration of S iff it appears in
the corresponding configuration of flat(S).
Conversely, consider a consistent run of flat(S) reaching an external write
of #. It must start with (q′init, ∅)
spawn(q′init)=⇒ (qinit, {q′′init}). We show that for every
consistent run (qinit, {q′′init}) α
′
=⇒ (q, S′) of flat(S) we can find a consistent sequence
α such that (qinit, ∅) α
′
=⇒ (q, S) where S consists of states from S′ apart q′′init plus
additionally the state p from the last write w(gsp , p) to the spawn variable in α
′;
if there is such a write.
The proof of this claim is by induction on the length of α′ considering possible
transitions from (q, S′) one by one:
– Root process read or write: if (q, S′)
w(g,v)
=⇒ (q1, S′) with g 6= gsp then
(q, S)
w(g,v)
=⇒ (q1, S). Same for r(g, v).
– Root process spawn: if (q, S′)
w(gsp ,p)
=⇒ (q1, S′) then (q, S) spawn(p)=⇒ (q1, S ∪
{(p, ∅)}).
– Sub-process read or write: let (q, S′)
w(g,v)
=⇒ (q, S′ ∪ {(q2, ∅)}) for g 6= gsp ,
and (q1, ∅) w(g,v)=⇒ (q2, ∅) for some (q1, ∅) ∈ S′. Since q1 occurs in S by our
induction hypothesis we get (q, S)
w(g,v)
=⇒ (q, S2) for some suitable S2. Same
for r(g, v).
– Sub-process spawn: let (q, S′)
w(gsp ,p)
=⇒ (q, S′ ∪{(q2, ∅)}) for some q1 ∈ S′ with
(q1, ∅) w(gsp ,p)=⇒ (q2, ∅). Since q1 occurs in S, by induction we can pick an s-tree
(q1, S1) within S and add a sibling (q1, S1)
spawn((p,∅))
=⇒ (q2, S1∪{(p, ∅)}). This
gives us (q, S)
τ
=⇒ (q, S′) with S′ containing (q2, S1 ∪ {(p, ∅)}).
– Sub-process “wake-up”: let (q, S′)
r(gsp ,p))
=⇒ (q, S′∪{p}). This transition is not
simulated by any transition in S (note that p already occurs in S by our
induction hypothesis and the fact that α is consistent).
uunionsq
Theorem 4. Let the number of variables be fixed. The reachability problem
for pushdown dynamic parametric processes without local variables is Pspace-
complete.
Proof. If S is given by a pushdown automaton, then so is flat(S). Now flat(S)
has only one spawn at the very beginning of its execution. Such a system can be
simulated by a (C,D)-system [7, 4, 5] of the same size: the leader system D is
flat(S) with the initial state qinit, and the contributor system C is flat(S) with the
initial state q′′init. A small obstacle is that in the literature (C,D)-systems were
defined with only one variable, while we need at least two. It can be checked
that the reachability problem for (C,D)-systems given by pushdown automata
is Pspace-complete [4, 5] even for systems with more than one variable as long as
the number of variables is fixed. Our reduction then shows that our reachability
problem is in Pspace. Since (C,D)-systems can be directly simulated by our
model we also get the Pspace lower bound. uunionsq
8 Conclusions
We have studied systems with parametric process creation where sub-processes
may communicate via both global and local shared variables. We have shown
that under mild conditions, reachability for this model is decidable. The algo-
rithm relies on the abstraction of the behavior of the created child sub-processes
by means of finitely many minimal behaviors. This set of minimal behaviors
is obtained by a fixpoint computation whose termination relies on well-quasi-
orderings. This bottom-up approach is different from the ones used before [7, 5,
11]. In particular, it avoids computing a downward closure, thus showing that
computability of the downward closure is not needed in the general decidability
results on flat systems from [11].
We have also considered special cases for pushdown dynamic parametric pro-
cesses where we obtained solutions of a relatively low complexity. In absence of
local variables we have shown that reachability can be reduced to reachability
for systems without dynamic sub-process creation, implying that reachability
is Pspace-complete. For the (incomparable) case where communication is re-
stricted to child sub-processes reporting their results to siblings and their par-
ents, we have also provided a dedicated method with DExptime complexity.
We conjecture that this bound is tight. Finally, when sub-processes can report
results only to their parents, the problem becomes just NP-complete.
An interesting problem for further research is to study the reachability of a
particular set of configurations as considered, e.g., for dynamic pushdown net-
works [2]. One such set could, e.g., specify that all children of a given sub-process
have terminated. For dynamic pushdown networks with nested or contextual
locking, such kinds of barriers have been considered in [6, 13]. It remains as
an intriguing question whether or not similar concepts can be handled also for
dynamic parametric processes.
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